It is well known 1 that if the roots of the polynomials <j>(z) and F(z) are real, so are the roots of the polynomial <f>{D)F{z), where D = d/dz. This result has been applied to certain types of entire functions and trigonometric integrals. 2 The following example illustrates the method employed. If (i) zoo = è c** fc=0 is a polynomial whose roots Ai, • • • , A» lie on the unit circle, then the roots of the polynomials
lie on the axis of pure imaginaries. Therefore, if the roots of the polynomial <j>(z) lie on the axis of pure imaginaries, so do the roots of the polynomials 
This theorem provides us with a large class of polynomials whose coefficients are explicitly given and whose roots lie on the unit circle. As the theorem itself concerns polynomials, while the proof is transcendental, an elementary proof is desirable. An elementary proof, with extensions, follows.
From the polynomials ƒ(s) and <f> (z), where ƒ (z) has the explicit form (1), construct the polynomial g(z) defined by (2). Setting
Now suppose that the roots of #(3) lie on the axis of pure imaginaries and the roots of ƒ(z) in the ring r^ |s| ^r 2 , where 0^riSr 2 . From the relation between 4>(z) and \p(z) it is evident that the roots of yp(z) lie on the line $lz = n/2. Let a be a root of ^(2) and f a root of the equation
If f is also a root of ƒ(2), f is a multiple root of ƒ (2) and hence lies in the ring fiS \ z\ ^r 2 . In the contrary case the centroid of ƒ (z) relative to f is different from f. This centroid is 4 ft =f-«ƒ($")/ƒ'(£) = (1 -n/a)Ç, by (4). From 9?ce = w/2, we infer that 11 -w/a | = 1 ; therefore | f 11 = | f |. If f is outside the ring Y\ ^ | z\ Sri, the circle with center at the origin which passes through f and fi fails to separate the roots of ƒ(2), in violation of a theorem of Laguerre.
5 Therefore all the roots of (4) lie in the ring ri^ \z\ ^r 2 . Applying this result repeatedly it follows from (3) that the roots of g(z) lie in the ring. To prove the first corollary, take ri = r 2 = r. To prove the second, take /(z) = l+z + • • • +z n . We suppose now that the roots of f(z) lie in the circular region \z\ ^r, and that the roots of 4>{z) lie in the half-plane SRz^O. We reexamine (4), retaining our previous notation. If a = 0, the roots of (4) lie in the region |JS| Sr by the Gauss-Lucas theorem; hence we need only consider the case a^O. We may also suppose that f is not a root of f(z).
We now have WaSn/2', hence |l-w/a|èl, and |fi|^|f|. If |fI >r, then |fi| >r, and a circle may be drawn through f and fi which fails to separate the roots of ƒ(z). As this result contradicts Laguerre's theorem, the region |s| ^r includes all the roots of (4) and consequently all the roots of g{z). Theorem 2 may be extended to the case in which <j>(z) is the limit of a sequence of polynomials whose roots lie in the half-plane $tz ^ 0 and which converges uniformly in every finite region.
6 Likewise Theorem 1 and its corollaries are valid if <j>{z) is the limit of a se-6 Entire functions which are limits of such sequences of polynomials are characterized by Eduard Benz, Über lineare, verschiebungstreue Funktionaloperationen una die Nullstellen von ganzen Funktionen, Commentarii Mathematici Helvetici, vol. 7 (1935) , p. 246.
